Given a Union-Closed family, which is not equal to the power set of its universe, say [n], one can always add a new set A
Introduction
The Union Closed Sets Conjecture is an easy-to-state, notoriously difficult problem. It has been around since 1979, posed by Péter Frankl. There have been a fairly good number of research papers, articles and even a Polymath Project [7] dedicated to this problem, but the problem just doesn't seem to give up. Let [n] = {1, 2, . . . , n}. F ⊆ 2 [n] is said to be union closed over universe [n] if ∀A, B ∈ F , we have A ∪ B ∈ F and [n] ∈ F ,where 2 [n] is the power set of [n]. The conjecture is the following: Conjecture 1. Let F be a union closed family of sets over a universe [n] . Then, ∃i ∈ [n] such that i belongs to more than half of the member-sets of F .
There is a very good survey paper by Bruhn and Schaudt [3] which explains beautifully how the conjecture has travelled, both geographically and mathematically, as they put it. The problem has equivalent formulations in lattice theory and graph theory where a lot of partial results have been obtained. Poonen [8] , in 1992, gave the lattice theoretic formulation. The graph theoretic formulation was given by Bruhn, Charbit, Schaudt, Telle [4] in 2015. Using these formulations, there have been various results, proving this conjecture for various lattice classes and graph classes. There have been other type of results which compare the size of the universe and the size of the family and prove that a large enough family always satisfy union closed conjecture. In that direction, the most recent result has been by Karpas [7] , who proved that there exists a constant c such that |F | ≥ ( 1 2 − c)2 n−1 , then F satisfies Conjecture 1. He achieves this using techniques from Booelan Analysis.
In the present paper, rather than studying union closed sets conjecture, we just study union closed families. In their paper, where they computed the number of non-isomorphic union-closed sets for n = 7, Brinkmann and Deklerck [2] constructed an algorithm which depended on recursively adding a new set A to a union closed family F such that the new family F ∪ {A} remains union closed. We collect all those possible sets and construct a new family F = {A ∈ 2 [n] |F ∪ {A}is union closed}. We call it the closure of F . It turns out that F is itself union closed. It is obvious that F ⊆ F. If F = 2 [n] , there is always such an A / ∈ F such that F ∪ {A} remains union closed. Therefore, after some finite steps of closures, the family F reaches 2 [n] . Call a F to be k-dense if k is the minimum number of steps of closures needed to reach 2 [n] . We show that not too many steps are needed to reach 2 [n] . In particular, any F is at most (n − 1)-dense. We show that this bound is tight by giving explicit examples of a family which is (n − 1)-dense.
Then we characterize families which are 1-dense. Basically, it turns out that this condition is equivalent to the very well know notion of an up-set. Recall that in an up-set F , it can never happen that A B, A ∈ F and B / ∈ F . We generalize this observation and prove the following:
Call a family H to be a closure root of F if H = F . We give a checking criteria of when 1-dense families have a closure root. Mainly, given any 1-dense family F , we show that one only needs to check only one particular family as a candidate and F has a closure root if and only if that particular candidate is a closure root. We do this in Section 3.2. Using this, we give examples of families that do not have closure roots. We achieve this using the notion of Relative Subsets defined in Section 3.1. This notion sounds interesting as it generalises the result about equivalence of 1-dense families and up-sets and also provides a criteria of checking whether closure roots of 1-dense families exist, as just mentioned.
These results open up a whole bunch of interesting questions regarding the structure of union closed families. One immediate problem of interest is: Do 2-dense families satisfy Conjecture 1?(up-sets(and hence 1-dense families) are very well known to satisfy conjecture 1, see for example, introduction to [1] .) Questions like this one, are stated in the last section where we also state a conjecture which implies Conjecture 1.
Closures
Throughout this paper, we make an assumption that ∅ / ∈ F for every family of sets we consider. In particular, also for 2 [n] .
Let F be a union-closed family over universe [n] . We define the closure of F to be the family F = {A ∈ 2 [n] |F ∪ {A}is union closed}. Clearly, F ⊆ F . Now we shall show that F is itself union closed. Proposition 2.1. Let F be a union closed family and F be its closure as defined above. Then F is union closed.
Proof. Let A, B ∈ F and let C ∈ F . We want to show that A ∪ B ∈ F . Now,
Note that if A is an inclusion-wise maximal element of 2 [n] − F then F ∪ {A} is union closed. Therefore, we have:
In view of the previous proposition we obtain that, for every union closed family F , there exists an integer k(depending on F such that taking the closure of F , k many times gives us 2 [n] .) The previous statement is true because we are working with finite universe. If we take our family to be {{1}, {1, 2}, {1, 2, 3}, . . .}, for every integer k taking closure of this family is not the whole power set of natural numbers. Now, we show that, for our current purposes, finite universes, this integer k cannot be too large. Set F (0) = F and F (k) = F (k−1) . Also, define A k,n = {A ⊆ [n]||A| = k} i.e, all subsets of [n] which have cardinality k. Proposition 2.3. Let F be union closed family over the universe [n] . Let k be the smallest integer such that F (k) = 2 [n] . Then 0 ≤ k ≤ n − 1.
Proof. It is clear that A n,n ⊆ F . Let t be the smallest integer such that A t,n ⊆ F . Therefore, A ∈ F − A t−1,n means that A is a maximal element of 2 [n] − F and hence, by the argument in the proof of the previous proposition, A ∈ F . And hence we obtain that A t−1,n ⊆ F . Therefore, by induction, we may show that F (t) = 2 [n] . And since, k is the smallest integer such that
Therefore, we obtain that given any family F , we can obtain 2 [n] in at most n − 1 "steps" of closures. Now we show that you can not do better than this n − 1. That is, there are families which need n − 1 closures to reach 2 [n] . Let k be the smallest integer such that F (k) = 2 [n] . We say that F is k−dense and also that k is the density number of F .
Consider the family (2) . Proceeding like this by induction, we can see that {n} / ∈ F (n−2) ⇒ F is (n − 1)-dense. Therefore we have, Remark. There exist families, over universe [n] that are (n − 1)-dense. In par-
Let us now for a moment try to visualise what we have seen so far. Let U n be the set of all union closed families having universe [n]. If we construct a graph G n with vertex set U n and we draw a directed edge between two families F 1 and F 2 , directed from F 1 to F 2 iff F 1 = F 2 . Then, by Proposition 2.1, every vertex has exactly one out-degree as for every F ∈ U n , F ∈ U n . By Proposition 2.2, there are no loops other than at 2 [n] . By Proposition 2.3, the maximum length of a directed path in G n is n − 1. So, the set of all union closed families over a fixed finite universe can be imagined as a huge tree with sink node 2 [n] and depth n − 1. Now, we shall characterize 1-dense families. Let us recall the definition of an up-set. A family of sets F is said to be an up-set if for every A ∈ F and B ⊇ A, we have B ∈ F . We shall prove the following Proposition 2.4. Let F = 2 [n] and be a union-closed family over the universe
It is well known and fairly straightforward that up-sets satisfy Frankl's Union Closed Sets Conjecture. Therefore, 1-dense families satisfy it. Now, using this proposition we would like to show that { [1] , [2] , [3] , . . . , [n]} being (n − 1)-dense is a general phenomenon(Theorem 1.1, Introduction):
Theorem 2.1. Let F be a k-dense union closed family. Then A 1 A 2 · · · A r B r with A 1 , A 2 , . . . , A r ∈ F and B r / ∈ F ⇒ r < k.
Proof. We shall prove by induction on the density number of F . Let F be 1dense. Since it is an up-set by the previous Proposition, A ∈ F and B / ∈ F ⇒ A B. Therefore, r = 0. Assume that the result is true for t-dense families. Now, let F be a t + 1-dense family. Consider
Therefore, by the induction hypothesis, r − 1 < t ⇒ r < t + 1.
Note that taking F = {[1], [2] , [3] , . . . , [n]}, A i = {[i]} and B n−2 = {1, 2, . . . , n − 2, n} in the previous gives density number of F is ≥ n − 1. Therefore, F is n − 1 dense. In general, let F be such that [i] ∈ F , ∀i ∈ [n] and {1, 2, . . . , n − 2, n} / ∈ F , then F is (n − 1)-dense.
Theorem 1 mainly says that there cannot be very long chains of the type defined in the statement of the theorem, their length being bounded by the density number of F . This bound is not at all strict: Let F = {[n−2], {1, 2, 4, 5, 6, . . . , n} , {1, 3, 4, 5, . . . , n}, {2, 3, . . . , n}, [n]}. Any F can be atmost (n − 1)-dense implies F can be atmost (n − 2)-dense. It is easy to see that 2 [n−2] ⊆ F and that {1, 2, 3, . . . , n − 3, n} / ∈ F . Take A i = [i] and B n−3 = {1, 2, 3, . . . , n − 3, n}. Therefore, by Theorem 1, F is atleast (n−2)-dense. Therefore, it is (n−2)-dense which means that F is (n − 1)-dense.
Relative Subsets

Definitions and Basic Properties
As usual, suppose F is a union-closed family over universe [n] . From now on, let us take the universe to be [n], unless stated otherwise. Let A, B ∈ F . Suppose one of the following happens
then and only then we say that A is subset of B relative to F . We write
If it is not true that A ⊆ F B, then we write A F B. A moment's thought gives an automatic proof that this definition coincides with the usual notion of subsets that we have, if we take F = 2 [n] . Do note that if F = {{1}, {1, 2}, {2, 3}, {1, 2, 3}}. Then {1} F {1, 2}. The question arises why do we need this? It so turns out that this notion helps us to generalize certain basic statements which we made in the previous section as we'll see soon. Firstly, let's prove some basic properties:
Proof.
1. If C = B then there is nothing to prove. Therefore, assume otherwise. Now, we get ∃B 1 ∈ F such that A ∪ B 1 = B and B 1 B(by definition) . Now, it is clear that (C − B) ∪ B 1 C and also,
2. If B = C, then there is nothing to prove. Otherwise,
This, equipped with the proposition just proved, gives us that the 'relative subset' relation of 1-dense families is transitive. This is not true in general. Suppose we take F =  {{1}, {2}, {1, 2}, {1, 3}, {1, 2, 3}, {1, 2, 3 
B(in both the other cases, A = B and B = [n], the result immediately follows). Now, C ∈ F ⇒ C ∈ H and
We want to show that C ∈ H. If A ∪ C = C then we are done or if A ∪ C = A even then we are done. Otherwise, let A ∪ C = B with C = B and A = B. Therefore, we get B A ⇒ B ∈ H. Therefore,C ∈ H ⇒ H ⊇ F .
It is worth noting how this statement compares with Proposition 2.4. In the proposition at hand, if we take F = 2 [n] then H = 2 [n] translates to H being a 1-dense family and ∀A ∈ H, B ∈ 2 [n] such that A ⊆ B, we have B ∈ H ⇔ H is an up-set. Therefore, Proposition 3.2 is indeed a generalisation of Proposition 2.4 using the notion of Relative Subsets.
Given a 1-dense family F , we know that it is an up-set. Consider the subset G of all inclusion-wise minimal member sets of F . It is clear that F = {B ∈ 2 [n] |∃A ∈ G such that B ⊇ A}. G is the generating set of F . It is worth noting that this generating set G and the notion of basis are different. For example, if the 1-dense family is {{1, }, {1, 2}, {1, 3}, {1, 2, 3}} then G = {{1}} but basis={{1}, {1, 2}, {1, 3}}. We write < G >= F and say that G generates F . Now that we have defined this notion of Relative subsets. Let us define a subfamily of a 1-dense family F using this which will turn out to be useful, as we shall see. Let K ⊆ F . Define < K > F = {B ∈ F |∃A ∈ K such that A ⊆ F B}. We say that K generates < K > F relative to F . We shall see that the family < G > F (G is the generating set) serves as a testing family for determining whether there exists a union closed family H such that H = F . But first let's prove some basic properties. Proposition 3.3. Let F be a 1-dense family and K ⊆ F . Then, < K > F is union closed.
Proposition 3.4. Let F be a 1-dense family and let H ⊆ F be union closed. Then, the following are equivalent.
Closure Roots
If F is a union closed family. We say that H is a closure root of F if H = F . Clearly closure roots do not have to be unique, as every 1-dense family is a closure root of 2 [n ]. (n − 1)-dense families do not have closure roots(universe being [n]). In the graph G n of the set of all union closed families over a fixed universe [n] we defined earlier, the families not having any closure root determine the leaves of that graph. In this section, we discuss the problem of closure roots 1-dense families. Lemma 3.1. Let F be a 1-dense family. Let G ⊆ F be its generating set. Let
Proof. If A = B or B = [n], then there is nothing to prove. Also, 
With this theorem in hand, we can characterise the 1-dense families that have closure roots. In particular the result we get basically says that you need to check only one family, namely < G > F . It is essentially a simple corollary of the above theorem but we say it a theorem since it will be used to show certain 1-dense families do not have closure roots. Theorem 3.2. Let F be a 1-dense family over the universe [n] . Let G be the generating set of F . Then F has a closure root ⇔ < G > F = F .
Proof. All the necessary work to prove this theorem has essentially been done. If < G > F = F then there is nothing to prove. Suppose there exists a closure root of F , say H. Then by previous theorem, we have H ⊇ < G > F ⊇ F . But H = F ⇒ < G > F = F . Now, we can give example of a 1−dense family which does not have a closure root. Let F be the 1-dense family generated by G = {{1, 2}, {2, 3}, . . . , The reason why the proof of Theorem 3.1(and hence, Theorem 3.2) can not be generalised to general families is because, as pointed out earlier, transitivity of ⊆ F is not in general present in k-dense families.
Further Questions
Here, we state further immediate questions, which we believe are worth exploring:
